Joe Dinius MATH 534A
HW 5 November 24, 2009

1. Suppose that M is a smooth manifold. Show that if M is orientable and is covered by
connected charts {U,, ¢, } then it is possible to turn {U,, ¢} into a covering with con-
sistent orientation by replacing some of the charts ¢,, with the chart (—¢., ¢2,..., ¢™).

Use this to show that RP? is not orientable and RP? is orientable.

Solution. Let w be a nowhere vanishing n-form that orients M. On any connected
chart, {U,, ¢a }, there is a strictly-positive or strictly-negative function f, by continuity,
s.t.

w= fdp- A--- Ndo".

If f is negative, the first coordinate can be changed to ensure consistent orientation of
the chart; that is, by inverting the sign on the first coordinate.

For RP?, consider the mapping 7 : S — RP?, 7(p) = {p, —p}. 7 is a local diffeomor-
phism. Now, let 7 : S — S™ be reflection through the origin. Then, 7 or = «. If RP?
is orientable, then it is safe to assume that 7 is orientation preserving, which would
mean that m o r is orientation preserving. This is not possible only when r preserves
orientation, which cannot happen in RP%. Therefore, RP? is not orientable.

For RP?, consider 7 and r as above. We can orient each tangent space T [p]RPS as
follows: choose a representative element ¢ € [p] = {p, —p}. Choose a basis of T,5>
which is in its orientation class, and let the image of this basis under dm determine the
orientation class of T}, RP?. This orientation is well defined because it is not affected
by whether ¢ = p or ¢ = —p. If (b, by, b3) is a basis in the orientation class of 7,,S* and
(b}, bh, by) is a basis in the orientation class of 7,53, then (dm,(b1), dm,(b2), dm,(b3))
and (dm_, (b)), dm_,(bh), dr_,(b})) belong in the same orientation class of Tj,;RP® since

dmy(b) = d(m o r),(b;) = dmyp) o dryp(b;) = dm_p, o dry(b;).
and r preserves orientation. Therefore, RP? is orientable.

2. Define the 2 x 2 matrix,
by = cosht sinht
7\ sinht cosht
Show that ¢s.y = @50 so that ¢; defines a one parameter group of diffeomorphisms of
R2. let E,, denote the 1-dimensional submanifold of R? defined by,

{(6,p)|62 _p2 = m276 > O}

The manifold FE,, is the positive energy mass shell for relativistic particles of mass m
in 1 space and 1 time dimension (e is the energy and p is the momentum). Show that
¢¢ induces a one parameter family of diffeomorphisms of F,,. This action turns out to



be the same as a Lorentz force boost to a moving frame in the physics interpretation.
If m > 0 show that

R > s — (mcoshs,msinhs) € E,,

is a diffeomorphism of R with E,,. This map thus defines a coordinate chart on F,,.
Show that the one form w = ds defined by this coordinate chart is invariant under ¢y,
that is,

djw =w Vt € R.

The map E,, > (p,e) — p also defines a global chart, p, on F,,. Find an expression
for w in the chart p. This invariant “volume” form on F,, can be used to construct
the Hilbert space of states L*(FE,,,w) for particles of spin 0 and mass m in relativistic
quantum mechanics.

oy = coshs sinhs cosht sinht
sPt™ \ sinhs coshs sinht cosht
[ coshscosht +sinh ssinht cosh ssinh¢ + sinh s cosh ¢
~ \ sinhscosht + cosh ssinht cosh scosht + sinh ssinht¢

Solution.

[ cosh(s+1t) sinh(s+1t) \
~ \sinh(s +¢) cosh(s+t) ) Do

I next need to show that action of ¢; on a point (e,p) € E,, is in E,, again. That is,
take (e,p) € E,,, then

cosht sinht e\ [ ecosht+psinht
sinht cosht p )\ esinht+ pcosht

(ecosht + psinht)® — (esinht 4 pcosht)® = (e*cosh®t + 2pe coshtsinht + p?sinh? )
— (e*sinh®¢ + 2pe cosh t sinh ¢ + p* cosh® t)

= (e? — p*)(cosh®t — sinh®t)
¢? — p?
= m’

So, ¢i(e p)T € E,,. Since E,, is a regular submanifold of R? and inclusion map from
E,, to R? is smooth, and ¢; is smooth, the composition i o ¢, is smooth. This shows
that ¢, generates a one parameter family of diffeomorphisms of F,, to itself.

Now, I need to show that s — (mcosh s, msinhs) is a diffeomorphism of R with E,,.
It has an inverse which is a function, therefore it is one-to-one and onto; cosh and
sinh are C* and the inverse function theorem implies that the map has C'*° inverse.
Therefore, the map is a diffeomorphism.



Consider the coordinates s on E,,, and r on ¢;(E,,) = Ep,.
cosht sinht msinh s
sinht cosht m cosh s

B ( m(sinh s cosh t 4 sinh ¢ cosh t)
a )

m(sinh ssinh ¢ + cosh s cosh ¢

_ ( msinh(s + t) )

m cosh(s + t)

So, the coordinate r is just s + ¢, and therefore
¢i(dr)=d(s+t)=ds+0=ds

So, w is invariant under action by ¢,.

To express, w in terms of the p-coordinate, consider
p = msinh s
Implicit differentiation yields

dp = mcosh sds

= eds

. Suppose that f is a smooth function on R” and df, # 0 when f(p) = 0, so that
M = {p|f(p) = 0} is a regular submanifold of R". Define a unit normal field on M by,

_ v,
"=

where | - | is the usual Euclidean length and V f is the gradient of f on R™. Define an
n — 1 form, €2, on M by contracting n(p) with the standard volume form on R". That
is, define,

Qv yvp1) =dz' Ao Ada™(n(p),v1, ..., v0_1), where v; € T,M

Show that €2 is a non-vanishing volume form on M so that M is always orientable.
Find the volume form Q on S™! and show that it is invariant under the action of
g € SO(n) on S"!. Hint: express () directly in terms of the differentials dz? (it makes
perfectly good sense to restrict these to the tangent space 7,5 1). To say that (2 is
invariant under the action of g is just to say g*2 = €.

Solution. Since n(p) is normal to elements in the tangent space 7,M, the form €,
represents the (signed) volume of M and hence must be nowhere vanishing on M.
Therefore, M is always orientable.

Let  be defined as follows

Q =det(n(p),vi,...,00_1).
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As before, since the v; are orthogonal to n(p), this is indeed a volume form on S™!.

Now, I need to show that this is invariant under action by g € SO(n).

G (v, 1) = Qg (dgp(v1), ..., dgp(vn-1))

Since g has determinant 1, g acting on €2 will not change the determinant and hence
leaves () invariant.



